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Remember SASO

m Stability

m Accuracy Today’s Objective:
= Settling time Learn theory required to analyze SASO properties of LTI Systems.
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Signals & Z-Transforms
Systems & Transfer Functions
Lab

Reference: “Feedback Control of Computing Systems”: Chapter 3



Motivating Example

uk+)=uk)+K,ek+1)  w(k+1)=(0.43)w(k)+(0.47)u(k)

e(k) =r(k)-y(k)

Sensor

y(k +1) = 0.8y(k) +0.72w(k) — 0.66W(k —1)

©

The problem

Want to find y(Kk) in terms of K, so can design control system that is stable, accurate,

settles quickly, and has small overshoot.

a. Signals
b. Transfer functions

c. Composition of components — end-to-end system

[
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Part a: Signals &
Z-Transforms

_|_
= Controller =" Server Sensor g
o H [©) ©,

e(k) =r(k)-y(k)




Signals

_|_
o ) R . >
r(k) ) Controller g Server —--— Sensor -
e(k) =r(k) - y(k)
6
s . Time domain representation
y(0)=1
l L y(@)=3
ylk) 3 “ L YR)=2 A signal is a real-valued function of time.
2! o Y)=5
" y(4)=6
0
0 1 2 3 4

Time domain analysis is cumbersome in studying complicated control systems




6
5l . | Time domain representation z domain representation
A | y(0)=1 120 +
y(K) y(1)=3 3z 1+
¥ L Y= 222 +
2t f y(3)=5 5z 3 +
. | y(4)=6 6z 4

2’ =1k =0 (current time)

Z is time shift;
z 1is time delay —> 21k =1 (one time unit in the future)

27 k =2 (two time units in the future)

If {y(k)}=y(0),y(),....isasignal, then its z - Transform
isY(2)=>  y(k)z



V(2)=2U(z)=4+52"-27°+2"

j_' o o et} ¢ fy(k-1)}
e T Shift j Delay

At l J [ _: l
U@)=-2+4z"+52"-2°%+z"* V(2)=zU(z)=22"+4z2+52°% -1z

(Drop exponents >0.)



y(K)

Impulse 1 y(0)=21y(k)=0,k >0
Y(z)=1z°+0z"+0z27 +...
. - time (k) =1
5 ‘
Al
U(z)=-2+4z2"+527-2"+z" 5
This can be viewed as a sum of < i
impulses at time 0, 1, 2, 3, and 4. b I
0
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Step

10

y(K)

y(k) =1,k >0

time (k)

Y(2)=12° +1z7" +127° +...




Geometric: y(k) = a* w.  a=0.3
.00 HHHLTTMJ;H.ZO
Y(z)=1+az'+a’z” +.. Y(z)=1+0.82"+0.6427" +...
Z Z

/—a z—0.8

11



Signals: U (z) =u(0)z° +u@z* +u(2)z* +...
V(z)=v(0)z° +v()z +v(2)z 7 +...
Shift: zU (z) =u(0)z' +u@)z°’ +u(2)z " +...
=u)z’ +u(@)z*+...
Delay: U(2)/z=u(Q)z " +u()z? +u(2)z™ +...
Scaling: aU (z) =au(0)z° +au(@)z* +au(2)z* +...
= z-Transform of {au(k)}
Sum of signals: u(0)z° +u@z* +u(2)z? +...+v(0)z° +v()z " +v(2)z* +...
=U0)+v(O0)z° +(u@) +v())z "+ u(2) +Vv(2))z ™ +...
=U(2)+V(2)

12
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Definition: Values of z for which the denominator is O

V4

Easy to find the poles of a geometric: V (Z) = — Pole is a.
Z—d
| 72° - 62
What are the poles of the following Z-Transform? Y (Z) =
z°-1.8z2+0.8
5Z 217
Easy if sum of geometrics Y (Z) - 71 + 7-0.8

Poles determine key behaviors of signals



Effect of Pole on the Signal

Z
Kl=a* & —
y( ) 7—a m What happens when
. : c m|a| is larger?
a=0.4 a=0.9 a=1. [[ .|a|>1f)
O‘Q‘.......‘ 0‘???9999Q. OO?TTTTI .a<0f)
5 -5 5
m |al>1
5 5 S mDoes not converge
| a=-0.4 | a=-0.9 | ;=-1-ZI [ [ Larger |a|
O ¢®eeescece ( ;’g'a’.’." 017 i l mSlower convergence
J m a<0
% 5 10 5 1070 5 10 mOscillates
Why?

Z _ —
—~ —1+azt+3a?z 2+...<:I>(f|., a,az,---)
Z—a

14



Part b: Systems &
Transfer Functions

+=? Sensor




Motivation and Definition

Motivation: y(k) = (@)y(k-1)
ARX model relates u(k) to y(k) u(k) +(b)u(k-1) y(K)
(ARX is autoregressive with external input.)

Uz) | b Y(2)
Z—a
Transfer function expresses this relationship in the z domain

_ OutputSignal Y (z)

- Input Signal U (2)
orY(z) =G(z)U(z)

assuming initial conditionsare 0.

G(z)

A transfer function is specified in terms of its input and output.

16



Constant Transfer Function

] YW R
Y(z)=aU(z) :
G(@)= 2 =3 j

U@, Y@ :

a —

17




1-Step Time-Delay Transfer Function

e ———

u(k)

y(k) = u(k-1) ——

y(k)

Y(2)=2"U(2)
Y(z) _ 1

U(z)

G(z2)=

U(2)

Y(2)

—
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u(k)

5
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3

2

a1
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n-Step Time-Delay Transfer Function

)y =uken)

u(k) y(K)

Y(2)=2"U(2)

G(2) = % =z"

U(2) Y(2)

—_— 7N

19

0.8

0.6

u(k)

0.4

0.2

0.8

0.6

0.8

0.6

u(k)

0.4

0.2

y(K)

0.4

0.2

0.87

0.67

y(K)

0.4r

0.2}




Combining Simple Transfer Functions

—u(k)’ y(k) = au(k-1) (O 3

Y(z)=az'U(2)

G(z):%:azl i

U(z) Y(2)

20

3z1

3z1




u(k)

y(K) = au(k-1)+bu(k-2) |— .

Y(z) =(az ' +bz*)U (2)

G(2) = Y(@) _ az ' +bz
U(2)
U@, az’l+bz? Y@,

21

U(2)

32142272

Y(2)




y(k) = u(k)+au(k-1)+a?u(k-2)+...

u(k) = ay(k-1) + u(k) y(K)
_Y(2) _ G L2
G(Z)—U(Z) =(l+az ' +a’z%+..)
%1 +azl+a2z?2+ ... _Y(Z),
G(Z)=£=1+az‘1+azz‘2+___zi
(2) Z—a

M‘( z/(z-a) ﬂ,

22

U@2)

Y(2)

z/(z-0.5) |—%

u(k)

1.5}

y(K)
=

0.5

15

y(K)

0.5




Decompose into a sum of geometrics

U(2) 0.1z Y(2) G(2) = 0.1z
" > — (2) 2 -0.52+0.06
Z - 0.52 + 0.06 Z 7
1 05 "~ z-03 2-02
2 =1+0.32%+0.092 2 +..—~1-0.22* ~0.04z 2 +...
0.4 | =0.12'+0.0527% +...
15
0.37 . . .
= ) Partial fraction expansion allows
= 1 ™00l rational polynomials to be
' decomposed into a sum of
0.5 geometrics
' 0.1/ ’ Poles of the original polynomial are
T : the poles of the geometrics
% 24 % 2 a
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Signal generated by an impulse input

Example:

Y(2) =G(1)U(2) = G(2)(1) = G(2)

24

U(2)

3z1+2772

Y(2)




Interpreting Transfer Functions: Il

Specifies an ARX model

tGiven a . G(Z) — Y(Z) — Z
ransfer function: U (Z) 7z—05

S0,Y(z)(z—0.5)=zU(z)orzY(z) =0.5Y(z)+zU(2)

aY (z) < ay(k)
ZY (2) < y(k+1)

Recall that:

y(k +1) = 0.5y (k) + u(k +1) which is equivalent to
y(k) = 0.5y(k —1) +u(k)

Which gives us:

This means that transfer functions are trivial to simulate!

25
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Given a ARX model, how do we construct its transfer function?

Method: Term by term conversion from time domain to z Domain: (1)
substitute for z expressions and (2) factor to obtain the ratio of output to
z-Transforms.

Example

Given y(k) = (0.43)y(k —1) + (0.47)u(k)
y(k) Y (2)

y(k-1) < z7Y (2)

u(k) = U (2)

Substitute :Y () = (0.43)z7Y (z) + (0.47)U (2)
Y(z) (0.47)z

Factor : =
U(z) z-0.43




What is the transfer functionfor
y(k+1) =(0.8)y(k) + (0.72)w(k) — (0.66)w(k —1)
Hint:y(k +1) < zY (2)

Step 1: Substitute
zY (2) = (0.8)Y (2) + (0.72)W (2) — (0.66) 2 "W (2)

Step 2 : Factor
Y(z) (0.72)z-0.66
W(z) z°-(0.8)z

27



m m-1
b.z" +b. 2" +...+Db,

Given the transfer function G(z) = - —
a.z'+a, .,z +..+a,

Why must it be that n > m?

Write the ARX model :
a,y(kk+n)+a _,y(k+n-1)+..+a,=b u(k+m)+b_u(k+m-1)+...+b,

Adjusttimesothat k+n—k
a,y(k)+a,_,y(k-1)+..+a,=b u(k+m-n)+b_u(k+m-n-1)+...+Db,

If m>n,then y(k)isa function of one or more u(k + m—n) inthe future!

Psychic System!

28



Poles: Values of z for which the denominator is 0.

Example:

H(2) = 0.1z Z Z

72_052+006 2-03 2-0.2

Poles: 0.3, 0.2

Poles
Determine stability
Major effect on settling time, overshoot
Dominant pole — pole that determines the transient response

Z . . .
G(z)=——=1+az ' +a’z*+a’z° +...
z—a

29

|a|>1

Does not converge

|al<1 but large

a<0

Slower convergence

Oscillates



Im(z)

V4

G(z)=——=1+az'+a°z°+a’z > +...

30

-

Re(z)



Definition and result: Time until an input signal is within 2% of its steady state value

z/(z-1) ‘ 62

Y(2)

(unit step)
Examples: ]
G(2) = z—0.5
2
1.5
<1
0.5
O0 i 10

31

157

y(K)
=

0.5

=~ g

10

~y

, Where | a |is the largest pole of G(z),

S ~y
In|a|
: . Z _ _ _
with equalityforG(z) =——=1+az'+a’z*+a’z > +...
Z—a
0.342-0.31
G(2) = _ , -4
z2°-1.232° +0.34z g ~ ~
poles:0,0.43,0.8 In0.8

0.5

2,
0.4/

15
0.3/

< 3
5 1 =
0.2/
05/ 01l
0 0
0 10 20 30 0 10 20 30

k




Steady State Gain (ssg) of a Transfer Function

Steady state gain is the steady state output in response to a step input.

. Y(o) _
U(z) ‘ oo Y(2) ssg of G(z2) is m =G
where U(z) is a step input.

Example:
Z
G(z) =
U(eo) =1 @) z—0.5 y(o0) =2

2 — 2t ;

15 1 1.5¢
] ] A=) _2_5-ca
= = u(o) 1

0.5 0.5

0 0

32



M2c — Theory

Composition of Systems

Controller

Reference: “Feedback Control of Computer Systems”, Chapter 4.

System of

systems

33



w(k +1) = (0.43)w(k) + (0.47)u(k) ?

- & —— ———

u(k) w(k) y(K) u® ()
y(k +1) = 0.8y(K) + 0.72w(k) — 0.66w(k —1)

% W) ] Y@ AN U(z)‘ COHD) Y(2)

T.F. provide an easy way to
Y@ _WAY@ g oo
U(z) U(2)W(z)

34



Canonical Feedback Loop

Reference
Input

RD) , _EQ@)

b

9

— A

Noise
Disturbance Input
D(z) Input N(z)
Measured
Controller Target System Output
U(z) + V(2) Y(2)y + 1)
K@) | 6 TO—
+ +
Permitted operations
W(Z) Summing signals
H (Z) y Cascading systems
Transducer

Want to analyze characteristics of the entire system: its stability,
settling time, and accuracy (ability to achieve the reference input).

It’s all done with transfer functions!

35



Reference
Input

R(2)

T(2)

Measured
Output

@)

F (z) = ﬁ
D(z)=0 N(z)=0
Controller Target System
E(2) U(z) + V(2) Y(z)y +
O Ko - | GO [
Transducer
W(2) H)

View the dark rectangle as a large transfer function Fg(z) with input R(z) and output T(z).
System is stable if the largest pole of Fz(z) has an absolute value that is less than 1

System is accurate if t(n)=r(n) for large n, or Fz(1)=1
System settling time is short if the poles of Fi(z) have a small absolute value

System has oscillations if there are poles of Fz(z) that are negative or imaginary

36



Noise

Disturbance Input
| N(z
Reference D(Z) nput ( )
Input Measured
Controller Target System Output
R . E@) U@z |+ V(@) Y@)x t ()
O—1 K@ - | G@ .
W(2) H)
Transducer
FR (Z) FD (Z) FN (Z)

Transfer function from the

reference input to the

measured output

37

Transfer function from the
disturbance input to the

measured output

Transfer function from the
noise input to the
measured output



The only non-zero input is R(2).

R@) , _E(@)
{)—1 K@)

A

— 4

U(2)

Simplified block diagram
since D(z2)=0=N(2)

W(2)

\4

G(2)

T(2)

A set of equations relates R(z) to T(z) based on our previous results

W(z) = H(2)T(z) by the definition of a transfer function.

E(z) = R(2)-W(z) since this is an addition of signals.

T(2) = E(2)K(2)G(z) since K(z) and G(z) are in series.

T(2) = (R(2)-H(2)T(2))K(2)G(z) by substitution.

38

FR(Z) —

H(z)

A

() _

K(2)G(2)

R(z) 1+K(2)G(2)H(z)



D(2) N(2)

R(2) . E@ Uz |+ V(@ Y@+t T(2)
{1 K@ " 60 [T
W(z
(2) H()
Reference to Output Disturbance to Output Noise to Output
T(z) _ K(2)G(2) _T(2) _ G(z) T(z) _

FR(Z) =

% FD (Z) - - FN (Z)
R(z) A+ K(2)G(z)H (z D(z) d+K(z)G(z2)H N(z) d+ K(z)G(z)H

What can we say about the stability and settling times of these three transfer functions?
They are the same!

When is the system accurate in the sense that T(z)=R(z)? Fg(1)=1

When is the system robust to disturbances and noise? Fp(1)=0= F\(1)

39



Lab 3: Effect of a Disturbance (Try this later on)

d(k)
y(k+1) =0.8y(k)+0.72w(k) — 0.66w(k —1)
r(k) + k
+ + Notes Notes e
——(_—— Controller - g
R vik) k)| Server w(k) Sensor
e(k) =r(k) - y(k) w(k +1) = (0.43)w(k) + (0.47)u(k)

m Model is in file CTShortClass, tab 3 (Notes + Sensor + Disturbance)

40



Summary of Results

Transfer Function Adding signals:

of System A@)
K {c(K)=a(k)+b(K)} has
é_, C(2) Z-Transform A(z)+B(z).
G(2) > 4+
of 03— B(2)
Ls| 0.4/ Transfer functions in series
_ 03 | V@) [ o W@, Y@,
S 1 =
>0.2— i is equivalent to
ol | Vz) coHer) @,
' 0.1t —
% 10 20 30 % 10 20 30 Transfer function of a feedback loop
K k Target
Stable system if |a|<1, where a is the largest pole R(Z)+ C??"O”er Sgtem T(Z)
of G(2) A (2) » G(2)
_ | H(z) |
Settling time ~ I |,where | a|is the largest pole of G(z) Transducer
nia
T(2) K(2)G(z)
- . w = =
Steady state gain of G(2) is Zgooi =G() R (2) R(z) 1+H(2)K(2)G(2)

41



Lab:
Control Analysis



Motivating Example

w(k +1) = (0.43)w(k) +(0.47)u(k)  y(k+1)=0.8y(k)+0.72w(k) —0.66w(k —1)

r(k) 4+

k
Notes | Notes o
R u(k) Server w(k) Sensor
e(k) =r(k)-y(k)
The problem
Design a control system that is stable, accurate, settles quickly, and has small
overshoot.

Return to the spreadsheet.
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E(z) U(2) Y(2)

R(2)%, K(z) J{ G(2)
Proportional (P) Control Integral (1) Control
u(k) = K,e(k) u(k+1) =u(k)+K,e(k +1)
zU (2) = K E(2) zU(2) =U(2) + K, zE(2)
U(2) K(z)=K %
K@= =Ks @=K7

Ke and K, are called control gains.

44
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E(z)

U(2)

R(z)_+,

K(z2)

* G(2)

Y(2)

FR(Z) =

Y(2) __K(2)G(2)

R(z) 1+K(2)G(z)

- 0.47K,

 (2-0.43)+0.47K,
0=2z-0.43+0.47K,
D, =0.43—-0.47K,




R(z)_+,

E(z) U(2)

K(z2)

» G(2)

Y(2)

Y(2) __K(2)G(2)

Fr()= R(z) 1+K(2)G(2)

Z 0.47

K
Y(z b 17—
Fl(2) = (z) _ "'7-17-043

47

P,

R(2) 14K, z 047
z—-12-0.43
- 0.47K, z
 (z-1)(z-0.43)+0.47K, 2
- 0.47K,z
- 22 +(0.47K, -1.43)2+0.43

Characteristic Equation
(047K, —1.43)2 -1.72=0

| 1.43-0.47K, +,/(0.47K, —1.43)2 ~1.72

2



BACKUP



Proportional (P) Control K(z) — KP
eP(k) = r(k)-yP(k)
uP(k)=KP*eP(k)
yP(k+1)=y coef(1)*yP(k)+y_coef(2)*uP(k)

k r(k) eP(k)  uP(k)  yP(K) KP
0 200 200 160 0
1 200 124.8 99.84 75.2
Integral (I) Control K(z) = K,2
z-1

el(k) = r(k)-yl(k)
ul(k)=ul(k-1)+KlI*el(k)
yl(k+1)=y coef(1)*yl(k)+y_coef(2)*ul(k)

el(k) ul(k) yI(K) Kl

200 80 0 0.4
162.4 144.96 37.6

49

0.8

yP (output)

90

80 -

70
60
50
40
30
20

10

20 30 40 50
Time (k)

yl (output)

10

20 30 40 50
Time (k)




